
CASTLES IN THE AIR

Index

Indexing  is  ‘by  concept’ as  well  as  by letter:  we  often  include  references  to 
passages where a given concept is in play, even if the word or phrase in question does 
not explicitly appear.

Page numbers accompanied by ‘n’ are references to footnotes.
Our capitalization policy is governed largely by personal taste and is not entirely 

consistent. Terms capitalized throughout the book typically appear capitalized below; 
those capitalized in the story but not the commentaries are usually listed here in their 
uncapitalized form.

, &, , , , , 40-47, 73-84
 , see double negation
, +, = (conventional use of), 363-368
, 74-76, 431

ℵ0, ℵ1, ℵ2, …, see aleph
ℵ2 hypothesis, 406, 482, 542
a priori knowledge, 434, 521-527,
            531-532, 536
abstraction, 384, 435n, 515, 537
absurdity, 263-264, 273, 280, 328
Achilles, 322
Ackermann, Wilhelm, 420, 433, 540
adding machine, 55, 60-62
Agda (proof assistant), 432, 491
Agrawal, Manindra, 509, 542
aleph (ℵ0, ℵ1, ℵ2, ...), 244-246, 478, 482
algebra, 5-6, 38, 40, 329, 501, 536, 538
algorithm, 415, 423, 427
Alice, 258-259, 292
al-Khwārizmī, Muḥammad, 415, 536
al-Kindī, 454, 536
amoeba, 342-344, 347-348
analysis, mathematical, 536-537, 539
analytic number theory, 419, 537
analytic statement, 527
Analytical Engine, 427n, 537
angel, 159, 166-167, 238, 313, 315, 477

anti-platonism, 414, 458, 475, 483
antisymmetry, 7
apple, 384-385
applicability, 366, 368
approximation, 98-99
Archimedes, 19
area, 195, 198-199, 202, 467
Aristotle, 311, 431, 453-454, 485, 487,
            529, 535-538
arithmetic, 284, 431, 438-443, 447, 450, 
            470-472, 477, 493, 530-531, 536, 
            538
      first, second, third order, 459
      Peano, see Peano Arithmetic
assertability, 492
assumption, 78, 80, 96, 105, 112, 114, 
            209-210, 221-222, 248-249, 263,
            284, 431-432, 435, 453, 457, 519
      philosophical, 209-210, 305-306, 316, 
            351, 453, 513, 517, 519
astronomy, 389-391, 532n
Augustine of Hippo, 454, 535
axiom, 93-96, 120-135, 139-140, 294,
            317-318, 412, 435, 438, 440, 535
      empty set, 214-215, 217
      foundation, 220, 539
      fundamental ― of sets, 214
      I0, 469
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      induction (minter), 95-96, 124, 372,
            438, 448
      infinity / ― of infinity, 216-218, 346,
            352, 519
      large cardinal ―, 203, 248-249,
            462-469, 481-482, 533
            consequences of ―s, 466-469,
                  541
      minter, see minter/minting machine
      ― of choice, 173, 238-242, 247, 249, 
            401, 463-464, 473, 476-480, 
            539-541
            countable, 249
      ― of determinacy, 249
      ― of reducibility, 350, 519
      pairing, 214-215, 217
      Peano ―s, 93-95, 341, 345, 506, 
            514-516, 538
      Powerset, 219-220
      replacement, 178, 473
            minter, 219-220
      scheme, 438
      subset (minter), 217-219
      substitution (minter), 95-96, 213, 448
      union, 215-217
      ZF ―s, 212-221, 473, 475, 478
      see also under geometry

Babbage, Charles, 427n, 537
Banach-Tarski paradox, 239-242, 477,
            517, 539-540
bar induction, 498f
Barwise, Jon, xvi
belief system, 381-383, 386, 393, 
            396-397, 401, 472-473, 481
      see also web of belief
Berkeley, George, 536
Bernays, 507, 507n, 540
binary
      digits, see digits, binary
      sequences, 301-304, 497-498
biology, 375, 430
Bishop, Errett, 490
black hole, 391, 394, 430
blockage, 262-264
Bohr, Niels, xiii
Bolyai, János, 537
Bolzano, Bernard, 455, 536
Bombelli, Rafael, 418
Bonaventure, 454
Boole, George, 424, 537-538

Boolean logic/formula, 423-424
bootstrapping, 320, 345, 405, 445-446,
             477
Borel, Emile, 507 
      determinacy, 173, 463
Bostock, David, xvi, 434n
bracelet, 16-19, 314, 328
Bradwardine, Thomas, 454
brain, 70-72, 157, 279, 331-332, 338,
            374-375, 386, 394, 430, 450, 457,
            472
Brouwer, L.E.J., xv, 256-274, 276, 
            278-286, 292-300, 303-308, 
            310-312, 314-317, 320, 322, 334,
            365, 401-402, 404, 459, 484-500,
            503, 523, 537, 539, 541
      see also under intuitionism
Burali-Forti, Cesare, 538

calculation, see computation
calculus, differential/integral, 435,
            536-537
candidate set/system, 218-219, 515
Cantor, Georg, xv, 141-168, 169, 177,
            214, 224, 227, 229-231, 243, 301,
            310-311, 317-320, 342-343, 348,
            350-351, 366, 387, 399, 403-404,
            406, 453, 455-461, 463, 478, 
            482-483, 517, 519, 537-539
      ―’s Hypothesis, see continuum
            hypothesis
Carathéodory, Constantin, 489
Cardano, Gerolamo, 417-418, 536
cardinal, 538
      Erdős, ω-Erdős, 192, 249, 466
      Extendible, 203
      Huge, ω-Huge, 203, 469
      Hyper-Inaccessible, etc., 184-187,
            190, 466
      Inaccessible, 182-184, 186, 189-190,
            193, 203, 207, 220, 222-223, 249,
            387, 461, 464-465, 474, 540-541
      Indescribable, 192, 199, 207, 461
      Ineffable, 192, 461
      Jónsson, 192
      large (in general), 169-205, 213, 
            248-249, 387, 401, 461-470, 533,
            541
      Mahlo, 189-191, 193, 199, 203, 464,
            466, 470, 539, 541
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      Measurable, 194-204, 241, 248-249,
            404, 464, 466-467, 469, 481-482
      N-Mahlo, 191-192, 202, 466-467
      Ramsey, 192-193, 467
      Reinhardt, 204-205, 469, 541
      Rowbottom, 192
      Strong, 201
      Strongly Compact, 201
      Supercompact, 201-204, 248-249,
            467-469, 482, 541
      Superhuge, 203
      Superstrong, 201
      Unflookable, 187
      Woodin, 201, 249, 468, 470
      see also axiom, large cardinal
cardinality, 147, 149, 153-154, 164, 167,
            173, 225, 230, 235, 244-246, 456,
            478, 515, 520, 538-539
      as relative concept, 227, 475-476
      of class of cardinalities, 173-174,
            463-464
Carnap, Rudolf, 362-369, 372-379,
            521-524, 527, 531, 540
cases, principle of, 7
Cauchy, Augustin-Louis, 537
causation, 385
ceilingless property, 187-188
certainty 
      mathematical, x, 11, 115, 121-133,
            139, 279, 305-306, 308, 338, 341,
            352-353, 363, 366-369, 373, 
            376-379, 395-396, 404, 412-413,
            447-451, 494, 518, 520-524, 529,
            531-533, 535-536
            illusion of, 378, 450, 537
            limits of, 169, 192, 200, 207-211,
                  447, 450-451, 470-471
      rational, 377-379, 383, 386, 395-396,
            404, 529, 531-532
certificate, see primality certificate
CH, see continuum hypothesis
Chang’s conjecture, 249
characteristica universalis, 421, 536
Checkable, 313-317, 367-372, 503-507
      in polynomial time, 508-511
      see also Feasibly Checkable
chemistry, 383, 529
choice
      sequence, 280-304, 496-498, 539, 541
      set, 238-239, 242, 477, 480

      see also axiom of choice
Church, Alonzo, 425, 433, 540
Church-Turing 
      computation, 496, 500
      thesis, 425-427
            physical, 429
circularity, 139-140, 304, 452, 501-502
class, 342-352, 403
      ‘existence’ of ―es, 347, 349-351,
            516-519
      levels of, 340, 342-345, 347-349, 
            517-518
classical logic, 287, 494, 422n, 499, 522
classical mathematics, 485, 487, 492,
            494-500, 539-541
clock, 21, 29-31, 33
      hall of ―s, 29, 98 
closed formula, 421
coding
      of glyph formulae, 57, 447
      of multiple numbers, 58-59, 148
      of tube machines, 60, 67, 427, 499
Cohen, Paul, xvi, 243-253, 334, 404-406,
            436, 477, 479-480, 484, 499f, 509, 
            520, 541-542
      ―’s zoo, 247-251, 257, 264, 278,
            285, 296, 305-306, 405
coherence, 200, 392, 395
complement, 194-196
completeness, 503
      see also Gödel, completeness theorem
Complex numbers, 24-26, 29, 31, 50, 
            97-100, 154-155, 161, 213, 318,
            416-419, 434, 460, 474, 536-537
Complex plane, 24-25, 29-30, 32, 50, 98, 
            155, 223
complexity theory, 508
computability theory, 496, 499
computable, 127-131, 425-430, 495
      ‘everything is ―’, 286-292, 294, 
            495-496
      operation/function, 495-496, 540
computably generated axiom system, 
            106-107, 111, 114, 118, 125, 127,
            130, 139, 439-440, 444, 449, 
            470-472
computation, 59, 62-69, 103, 104, 108,
            110, 285, 292, 321-322, 326, 372,
            390-392, 400, 420, 423-430, 500,
            505, 507-508, 512-513, 526, 536
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      infeasible, 317, 322-323, 399-400
      infinite, 321-322
computer science, 428, 491-492, 496, 508
conclusion, 8, 200, 227-228, 257, 323,
            328, 363, 431, 442
confirmational holism, 528
consistency, 112-118, 123-127, 162-163, 
            192, 202, 222, 228-229, 318-320,
            350, 392, 395, 439-441, 444-446,
            448, 451, 466, 477-483, 488-489,
            503, 505, 507
      assumption, 221, 247-249
      of AC relative to ZF, 242, 477, 541
      of CH relative to ZF, 231-232, 235, 
            479-480, 541
      of CH relative to ZF, 246, 293, 
            479-480, 541
      of large cardinal hypotheses, 469
      of number theory, 526-527
      of PA, 113-118, 123, 379, 396, 507
      of PA relative to HA, 493
      of ‘V=L’ relative to ZFC, 481
      of ZF, 474, 507, 540
      proof of, 115, 123, 320, 353, 444-446,
            488-489, 503, 507, 540
      relative, 247-249, 445-446, 477, 
            479-481
      statement, 123, 126, 162, 175, 191,
            330, 405, 466
      strength, 468
      unprovability of, 115-118, 213, 319, 
            405, 444-446, 470-471, 534, 540
constructible
      set, 233-239, 245-246, 248, 479, 541
      universe, 234-239, 242-245, 479-482,
            541
construction, 262-267
      mental, 256, 259, 262-264, 272-273,
            280, 282, 284-286, 292, 306-307,
            310, 312, 484, 487, 490-492, 495,
            500
constructive mathematics, 490-491, 
            494-500
      schools of, 485, 490-492, 494-500
constructivism, 485, 492
continuous, 32, 287-288, 291, 294, 
            418-419, 435, 496, 500n
continuum, 458, 478
continuum hypothesis, 230-232, 234-236,
            243-250, 252, 278, 292, 334, 401,
            406, 476, 478-484, 538, 541-542

      generalized, 248
contradiction, 205, 261, 263, 272-273,
            284, 318-319, 348-349
      key, 7, 10, 68, 205, 256, 265-266, 286
      proof by, 7-8, 64, 68, 149-152, 241,
            261, 264, 276
      rule, 440
convention, 44, 65, 215, 362-369, 
            372-373, 393, 427, 442, 521-524,
            527, 531, 540
conventionalism, 501-502, 521-523, 540
Cook, Stephen, 503, 508-509, 541
coordinate geometry, 536
Coq (proof assistant), 432, 491
cosmoi, 296, 304
      see also Kleene, First/Second Cosmos
countable, 223-229, 244-245, 475-476,
            495
countably infinite, 149, 153, 166, 173,
            456
counter-classical theorem, 287, 292-294,
            297, 304, 494-495
counterexample, 479n, 526, 531
Creating Subject, 304-305, 498-499
critical computation, 67-68
crossing point, 271-273
cryptography, 415, 503-505, 511
cube, 3
cubic equation, 417
cumulative hierarchy, 474, 479

Darwin’s doubt, 378, 532n
Davis, Martin, xvi, 429
Decider
      Real number, 47-52, 57-58, 223, 423,
            428, 540
      Whole number, 51-52, 62-63, 68-69, 
            70-72, 103-104, 428, 439, 540
decimal expansion, 23-24, 417
decision problem, 420, 433, 503, 540
decision procedure/algorithm, 47, 
            423-425, 503, 540
decoding, 503-505
Dedekind, Richard, 455, 474-475,
            513-515, 520, 537-538
deduction, 6, 77, 86, 121, 222, 336, 
            363-365, 412, 431-432, 435, 438,
            464, 488, 527, 535 
definable
      Real number, 458
      set, 155-158, 233, 234, 237, 239, 458
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denial (by Proof Seeker), 109, 116
Descartes, René, 418, 536
diagonal, 148, 151, 417
      proof, 151, 224, 456-457
differentiable manifold, 474
digits
      binary, 269
      decimal, 268-269
      negative, 269-271
digit sequence
      finite, 324-325, 329, 336-337, 346,
            508, 512n, 520
      infinite, 23-24, 26, 267-270, 300, 304
Dirichlet, Peter Gustav Lejeune, 29-35,
            50, 161, 246, 404, 455, 460, 537
      theorem on primes, 28-35, 97-98,
            266, 418-419, 439, 537
disprovable
      in Peano Arithmetic, 103, 105, 116
distributive law, 436-437
double negation ( ), 264, 273, 493
      rule, 82, 284, 284-285, 296, 305, 440
      spectacles, 274-277, 280, 284, 306,
             401, 492
      translation, 492-494
double vision, 525
doubt, ix, 121-122, 188-189, 192,
            209-210, 273, 279, 305-306, 327,
            336-337, 353, 373, 376-378, 
            391-392, 413, 434, 448, 457, 484,
            503, 507, 531, 536
du Sautoy, Marcus, xvi, 419

, 212-213, 318
ε0, 136-138, 149, 172, 224
effective topos, 500
Einstein, Albert, xiii, 430, 486, 489, 524,
             537
electron, 383-384, 386
elephant, 340, 345-353, 402-403
elimination rules, 74, 76-77, 79, 82
embedding (of universe of sets), 204, 469
empiricism, 521, 527, 529-533, 538
empty set, 214-219, 473
encoding, 503-505
engine, 21-22, 36-40, 47-53, 56-57,
            59-60, 69, 85, 96, 281, 285, 415
      Jacobi, 336
      power-remainder, 21-22, 326-327,
            334, 509-510

      prime-testing, 326-327, 330, 333, 509
      Real number decider, 47-52
      ultimate, 40
      universal, 60
      see also human proof engine
Entscheidungsproblem, 420, 433, 503, 540
Epimenides paradox, 448
equal, 344
equation, 31-32, 38
      solver, 36-39, 47, 423, 428
Euclid of Alexandria, 5-11, 12, 19, 27, 46, 
            50, 93, 143, 152, 159, 223, 256,
            260, 264, 266, 286, 314-317, 321,
            391, 396, 404, 411-412, 439,
            479n, 505, 523-526
      Elements, 411, 535
Euler, Leonhard, 19, 413, 414, 418, 536
everything, 167
evil number, 27-28, 511n
evolution, 374, 376, 389
Excluded Middle, 311, 485, 487, 500
exclusion, proof by, 260-262, 264
existence 
      within mind, 256-259, 262, 267, 272,
            285
      see also under class, object, platonic
            existence, reality, set, Whole
            numbers 
explanation, 338, 381, 509-510, 512-513,
            529-531
explanatory power, 200, 383-389,
            464-468, 528n, 541
expression, algebraic, 31-33
extrinsic justification, 465-469, 475, 541

factorial, 3, 316, 506
faith, 176, 180, 193, 209, 229, 250, 253, 
            315-316, 405, 446, 469, 483-484
falsifiable, 505
fan theorem, 302-303, 497-498, 500
fast modular exponentiation, 415, 509
feasibilism, 323-339, 376, 503, 508-513, 
            541-542
feasible
      computation, 324-327, 507-512
      number, 324
Feasibly Checkable, 327, 346, 400,
            508-512, 523
Feasibly Predictive, 327, 329, 336, 400, 
            508-513, 523, 526, 529, 531
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Feasiville, 323-339, 353, 399-400,
            402-403, 508
Feferman, Solomon, xv-xvi, 447n, 452, 
            461, 541-542
Fermat, Pierre de, 19, 223, 376, 387, 404,
            479n
      last theorem, 414, 420
      little theorem, 19, 97, 313-314,
            325-328, 414-416, 439, 536
           modified, 326-327, 329, 331-333,
                 334, 336
Feynman path integral, 461
fiction, 161, 259, 272, 330, 343, 349, 373,
            533
finitism, 312-323, 346, 366, 399-400,
            493n, 503-507, 512, 521n, 522n, 
            539
finitistically justifiable, 320
flatspacer, 525
forcing, 243-247, 480-481, 509, 541
formal language, 420, 423, 535
formal system, 106, 127, 162, 440, 443,
            445-448, 450, 452, 487, 540-541
formalism, 434-437, 487-488
      as methodology, 435-436
      as philosophy, 436-437, 459
formula, 38, 421
fraction, 24, 99, 148, 417, 456
Fraenkel, Abraham, 473, 539
Frank, 84, 88-89
Franzén, Torkel, xvi, 439n, 472n
free choice, 294-295, 299-301, 496-498
Frege, Gottlob, ix, 347, 431, 435, 475,
            513-516, 518, 520-521, 523, 538
      Begriffsschrift, 421, 422n
      Grundgesetze der Arithmetik, 516-517
Friedman, Harvey, 460, 467, 541-542
frog-and-mouse battle, 489
function, 426, 495-496
functional analysis, 460

Γ0, 161-163, 172, 174, 224, 451-453, 541
Galileo Galilei, 454-455, 536
game formalism, 436
game theory, 160
Gamow, George, x
Gauss, Carl Friedrich, 19, 336, 376, 391, 
            510-512, 536-537
Gentzen, Gerhard, 431, 492

geometry, 46, 50, 213, 391, 412, 523-526
      Euclidean, 479n, 523-526, 535-536
      Hilbert’s axioms for, 435, 538
      non-Euclidean, 479n, 524-526, 537
Gibbs lecture, 442n, 532n, 541
ghost-room, 8-10, 20, 64-68, 78, 80, 138,
      143, 205, 260-264, 265
ghost-world, -realm, 138, 181, 185-189,
            191-192, 206, 210, 221, 239, 
            253-254, 266, 347-348
glyph, 40-47, 73, 83, 360, 421, 431
      formula, 41-42, 68, 76, 155, 431-432, 
            438, 499-500, 518
      language, 41-47, 318-319, 344, 421,
            423, 431-433, 440, 487
            Real number, 42-46, 51, 88, 286,
                  422, 424n
            for set theory, 204, 212-213, 
                  317-319
            Whole number, 43, 51, 68, 97-98,
                  124, 126, 362, 428, 430,
                  438-441, 447, 459n, 470
      re-interpretation of ―s, 285, 499
      statement, 44-52, 57-58, 89-91, 100,
            113, 366, 421-423, 433, 441
            Real number, 423, 428
            Whole number, 100-105, 108-110, 
                  121-122, 124, 428
      theorem, 76-84, 93-97, 122-123
God, 229, 258, 261-263, 265, 300, 312,
            322, 406, 454, 457, 535-536
Gödel, Adele, 406, 541
Gödel, Kurt, ix-x, xv, 86-92, 105-119,
            120-121, 123-124, 127, 130, 
            170-183, 192, 199-200, 203, 220,
            221-222, 224, 230-231, 233, 238,
            244, 248, 250-251, 274-276, 280,
            348, 404-407, 432-433, 448, 
            463-468, 472, 477, 479-480, 482n,
            484, 489, 492, 520, 522n, 523,
            532, 534, 540-541
      completeness theorem, 90-91, 
            221-222, 432-433, 458n, 540
      disjunction/dichotomy, 430, 450-451
      incompleteness theorems, ix-x, 202,
            246, 319-320, 330, 404-405, 432, 
            439, 468, 489, 509, 540, 542
            first, 107, 114, 439-443, 522n
            second, 118, 162-163, 404-405, 
                  443-446, 451
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      life story, 405-406
      see also consistency of AC/CH 
            relative to ZF
Goldbach conjecture, 72, 412, 420n
Golomb, Solomon, 415
Gordan, Paul, 310, 538
Göttingen, 310, 319-320
grammatically correct, 38, 421-422
graph minor theorem, 461
gravity, 378, 382, 429, 525n, 527-528
group theory, 160, 163, 428

HA, see Heyting Arithmetic
Hahn, Hans, 522
Halbach, Volker, 447n
halting
      problem, 64, 68-69, 427-428, 430, 441
      statement, 104-114, 442
            builder, 68, 108
      tester, 64-69, 104-105
Hameroff, Stuart, 450, 533n
Hamilton, William Rowan, 418
Hawking, Stephen, xiii
Heaven, 164, 174, 459
      First, 164, 193, 202, 208-210, 
            212-213, 222, 225, 233, 251-254,
            266, 274-281, 285-286, 291,
            294-295, 300, 305-306, 308, 309,
            314-317, 320, 330, 338, 352, 374,
            399-402, 404-405, 458, 459-461,
            463, 467-468, 470-471, 483-484,
            493
            question of objective reality of,
                  251-254, 256, 275-276, 534n
      higher ―s, 167, 171, 213, 220, 222,
            387, 403-404, 460-461
      Second, 164-165, 169, 181, 188-189,
            191, 199, 207-210, 212, 214, 224,
            230, 278, 296, 299, 301, 320,
            330-331, 350, 352, 399-400, 402,
            405, 459-463, 467-468, 470, 481,
            494, 507, 529, 534n
            tree of knowledge for, 202-203
      Third, 164-167, 169, 171, 181, 199,
            206, 208, 212, 220, 224, 230,
            237-238, 250, 278, 301, 320, 331,
            343, 399-401, 459-463, 467-468, 
            470, 477, 507, 529
            tree of knowledge for, 203
      ωth, (ω+1)th, 168, 170-171, 178, 181, 

            203, 232, 387
      Zeroth, 210, 305-309, 320, 400
Hercules, 443, 448
Hermite, Charles, 532n
Heyting, Arend, 486, 488n, 490, 492n
      ― Arithmetic (HA), 493-494, 499
hierarchy
      of formal systems, 447n, 450-452,
            534
      of infinities, 172, 174-175, 183-184, 
            232, 459, 462-463, 469
      of mathematical worlds/standpoints,
            399-404, 446, 460, 473, 534
      see also cumulative hierarchy
Hilbert, David, ix, xv, 267, 309-322,
            324-325, 327, 332-333, 338, 346,
            352, 366, 372, 399-400, 404, 
            419-420, 429, 433, 435-438, 458, 
            471, 479-480, 484, 487-489,
            503-504, 507, 512, 521n, 523,
            538-540
      hotel, 454
      ―’s programme, 311, 317-320, 437, 
            445-446, 488-489, 503, 507, 
            539-540
HOL (proof assistant), 432
Howard, William, 491
human language, 420, 422-423
human proof engine, 111, 443, 210-211, 
            450-452, 470-472
hydra battle, 443, 448, 461
Hyland, Martin, xvi, 500
hyperbolic space, 479n
hypothetical 
      reasoning, 78, 143, 400
      world, 321-322, 328

i, 25
Ibn Sīnā, 431, 536
if-thenism, 437
illusion, 10, 20, 142, 171, 192, 259-260, 
            263-264, 276, 322, 330, 376, 378,
            450, 537
imaginary number, 418
Inaccessible cardinal, see cardinal,
       Inaccessible
incompletable, 107
incompleteness, 105-6, 113-114, 117,
            440-444
      see also under Gödel
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inconsistency, 113-115, 205, 366, 368,
            396, 444, 469-470, 477, 541
independence results, 479-481, 500, 541
indispensability, 383, 387-388, 393, 513,
            528-530
individuals, 342, 345, 517, 518
Induction, 7, 95-96, 124, 126, 134-137,
            314, 372, 438, 448, 452n, 464, 
            506, 515
      key, 7, 95, 314
      see also axiom, induction
infinite sets, see sets, infinite
infinitesimals, 434, 435n
infinitude of primes, see under primes
infinity, ix-x, 129-133, 137, 146-156,
            164-168, 170-205, 211, 227, 267,
            310-313, 315, 346, 376, 400, 413,
            446, 449, 453-470, 507, 515, 519,
            536-537, 540
      actual, 453-454, 535-536
            of ℕ, 455, 457-459, 471
            of P(ℕ), 457-461
      orders of, 146, 152-153, 173-176,
            400, 456, 461-464, 475, 538
      potential, 453-454, 535
      see also axiom, infinity
inner core of mathematics, 305-306, 314,
            353, 445, 484, 494, 502-503
inner eye, 279, 374-377, 386, 394, 530,
            532
internal perspective, 286, 292, 500
interpretation, 42-46, 51, 86-91, 422, 433
intrinsic justification, 464-466, 541
introduction rules, 74-79, 82
introspection, 498
intuition, 435
intuitionism, 459, 484-494, 539-541
      acts of, 487
      applications, 491-492
      first wave, 296, 401, 487
      second wave, 293-296, 487, 494,
            496-94, 539
      third wave, 303-304, 498-499
intuitionistic logic, 490, 497, 522
      meaning of, 501-502
intuitionistic type theory, 490-492
Isabelle (proof assistant), 432

jabberwock, 84, 366, 431, 433
      interpretation, 88-89

Jacobi, Carl, 511
      engine/algorithm, 336, 390, 510-512,
            537
Jeřábek, Emil, 509n, 512, 542
Julius Caesar, 516n

Kant, Immanuel, 521, 523-527, 536
Kaplansky conjecture, 248
Kayal, Neeraj, 509, 542
key, 7-8, 10-11, 12, 72-74, 84-85, 239,
            256, 260, 264-266, 286, 297, 336
Kirby, Laurie, 443
kissing spheres, 424n
Kleene, Stephen Cole, 283-292, 294-305,
            320, 401, 404, 499-500, 541
      First Cosmos, 284-294, 297, 299, 301, 
            499, 541
      Second Cosmos, 296-305, 500, 541
      tree (and relatives), 288-292, 294,
            297, 301-302, 496
Koellner, Peter, 451n, 466, 472n
Kolmogorov, Andrey, 490n, 492, 495
König, Jules, 478
Krajíček, Jan, 509n, 542
Kreisel, Georg, 452, 496-497, 501, 507n,
            542
Kronecker, Leopold, 310, 455-457,
            537-538
Kruskal tree theorem, 461
Kunen, Kenneth, 469, 541

L, 479-482
Lacombe, Daniel, 496
Lagrange, Joseph-Louis, 536
landing, 128-136, 172, 473
language, 361-368, 371, 524, 527
      limitations of, 257-259, 263, 266,
            284, 487
      mathematical, 332
      mismatch between ―s, 275-277, 280
      ― of classes, 349-351, 519
      see also formal language, glyph
            language, human language
large cardinal, see cardinal, large
law of logic, see rule of logic/thought
lawless sequence, 497
Laws of the Universe, 176-180, 184,
            186-188, 219-220, 463, 466
LCF (proof assistant), 431n



Index 557

Lebesgue, Victor-Amédée, 418n
Lebesgue
      measurability axiom, 249
      measure, 467-468
            total extension of, 249
Leibniz, Gottfried, 406, 421, 434, 536
levels of proofness, 207-211, 399-404,
            446, 470-472
Lévy, Azriel, 465, 481
limit ordinal, 449
linguistics, 422
Lobachevsky, Nikolai, 537
logic, nature of, 352-354, 520-521
      see also rules of logic/thought
logical positivism, 521-523, 527-528
logicism, 513-520
Lombroso, Cesare, 486
Lonely Heart Principle, 337-338, 346, 391,
            512, 542
Lucas, John, 450
Lucas-Penrose arguments, 450, 470-472
Ludwig, 67

magnetic field, 383-386
Mahlo cardinal, see cardinal, Mahlo
Manin, Yuri, 446
Markov, A.A., 495-496, 499
Martin, Donald, 463, 467
      ―’s axiom, 248
Martin-Löf, Per, 490-492, 501n
matching, 147, 227, 244-246, 454-456, 
            475-476, 536
      of ℕ with ℕ×ℕ, 148
      of ℕ with P(ℕ), absence of, 149-152,
            537
mathematical logic, xi-xiv, 47, 411, 
            420-421, 430, 439, 487, 507, 520,
            533-534
Mathematische Annalen (journal), 489
Matiyasevich, Yuri, 429
meaning, x, 26, 42-45, 47, 51, 127, 133,
            191, 234, 258-259, 262-264, 266,
            273, 281, 282, 310, 313-316, 322,
            324, 328, 332, 341, 363-368, 
            372-373, 385, 405, 416, 423, 
            434-438, 445-446, 457, 488, 
            492-493, 495, 499, 501-503, 534,
            539
      of ‘exists’, 257

      of ‘for all’, 307
      of logical symbols, 42-45, 285-287,
            421-422, 432, 500-501
      of non-logical symbols, 84-90, 312,
            431, 433
      of ‘not’, 262-263
      of ‘two’, 344
meaningful, 266, 309-310, 435, 445-446,
            453, 475, 488
      concept/notion, 124, 160, 165, 177,
            257, 316, 325, 332, 337, 400, 452n,
            457-461, 495, 497, 507, 540
      statement, 127, 132, 161-162, 193, 
            313-316, 318-321, 323, 327, 337,
            346, 385, 400, 437-438, 446, 477,
            492, 505, 508, 521, 527
meaningless, 282, 436, 445
      concept, 26, 159, 326, 400, 455
      question, 160, 274, 373, 401, 414, 480,
            486, 523
      statement, 30, 264, 315, 319, 369, 416,
            436-438, 472, 505, 521-522
Measurable cardinal, see cardinal,
       Measurable
measure, 194-199, 291
      -friendly set, 195-197, 199
      Lebesgue, 467
      theory, 160, 195
mechanism, 21, 59, 61, 99-101, 107, 294, 
            425-429, 432-433, 440, 442, 450
      idea of mind/brain as, 70-71, 83, 
            111-112, 120, 125, 135, 210-211,
            449-450, 472
medallion, 10-15, 18-22, 27-29, 32,
            33-35, 49-50, 68, 71, 74-83, 89-91,
            105-107, 112, 114, 118, 121, 152,
            162-163, 191-193, 202, 205, 235,
            242, 246, 265-266, 274-277, 
            286-288, 293, 297, 314, 317, 321,
            325-331, 333-339, 346-347,
            368-369, 373, 376, 387-390, 412,
            414, 431, 531
      ghost ―, 325-329, 333-337,

       346-347, 368
      ultimate, 35, 39 
member, 145, 147, 213-220, 149, 153,
            156, 165-167, 173, 195-196, 
            213-220, 227, 238, 244-245, 318,
            342-350, 456, 473, 491, 516, 518,
            539
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metamathematics, 420
metaphysics, 322, 325, 332, 350-351, 369,
            387, 493, 501, 512, 515, 519, 521,
            528, 534, 536
metavariables, 431
microtubules, 450
Mill, John Stuart, 529-531, 537-538
mind, x, 71-72, 85, 101, 111-112, 125,
            129, 139, 157, 175, 193, 206, 
            210-211, 250, 253, 256-259, 262,
            267, 273, 279-280, 282, 299-300,
            312, 315, 351-353, 368, 373-378,
            394, 405, 413, 414n, 430,
            433-434, 442, 451-452, 472n,
            490, 496-497, 513, 515, 517,
            520-521, 530-532, 534, 541-542
      creative, 496-498
Minsky, Marvin, 53, 60, 425
minter/minting machine, 94-96, 120-126,
            130-133, 135-136, 139-140,
            161-162, 212-214, 217-219, 318
      master, 129-131, 139
      see also under axiom
mirror, 176, 178-190, 224, 463
     hyper-, mega-, ultra-, 192, 207
     super-, 188-190, 192
mod 2 counting principle, 512
model, 86-91, 221-222, 433 
      of arithmetic, 251-252
      of intuitionistic mathematics, 494,
            499-500
      of set theory, 222-237, 242-250, 252,
            405, 475-476, 479-482
      standard, 243
monster, 238-242
Montague, Richard, 465
moon, far side of, 279, 282, 374
Moore, Justin, 482, 542
mysticism, 157, 180, 375, 486-487
myth, 383-384

ℕ, 145, 169, 179, 217-219, 244-246, 252, 
            400, 478
      see also Whole numbers
Natural Deduction, 431
natural number, 145, 415n
      see also Whole numbers
negative numbers, 25, 99, 269-271, 418,
            536

Németi, István, 430
Neumann, John von, 473-475, 539
Newton, Isaac, 429, 434, 536
non-computable, 439-430, 450, 472, 532
non-computable, 439-430, 450, 472, 532
non-constructive, 477, 538
Normann, Dag, xvi, 461
number, concepts of, 416-418
number theory, 257-267, 309, 329, 331,
            333, 391, 411-419, 428, 460, 507, 
            510-512, 523, 526-527, 529-531,
            542
numeral, 37

ω, 128, 130-134, 136, 170, 358
      see also Heaven, ωth
Ω-conjecture, 481
Ω-logic, 481, 542
object, mathematical, xi, 157, 171, 192,
            279, 299, 304, 322, 383-386, 394,
            453, 464, 472, 475, 485, 490, 
            495-496, 515-516, 529, 541
      existence of ―s, 383-386, 393-394,
            528, 533, 535, 541
observable, 330, 465, 472, 505, 524, 528
observation, 299, 332, 338, 345, 381-385,
            388-390, 404, 434, 505, 509-510,
            512-513, 521-522, 525-531
odious number, 27-28, 511n
orders of infinity, see infinity, orders of
ordinal, 449, 452, 538
      computable, 449
      staircase, 449, 452, 463

Π01 statements, 437
π, 267, 299
P(ℕ), see Powerset of ℕ
P(P(ℕ)), see Powerset of Powerset of ℕ
P or not-P, 264, 268, 276, 278-279, 284,
            301, 311, 402, 484-485, 493, 539
      see also Excluded Middle
PA, see Peano Arithmetic
PA1, PAα, etc., 124-131, 137, 447-450,
PAΓ0, 162-163, 451-453, 471
PAsilly, 444
Pāṇini, 535
paradise, 144, 161, 163, 168, 310-311,
            319
paradox, 239-242, 291, 311, 348-350,
            457, 477, 515-520, 538-539
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      see also under Banach-Tarski, Burali-
            Forti, Epimenides, Russell,
            Skolem
parallel postulate, 479n, 535, 537
Paris, Jeff, 443
Pascal, Blaise, 19
pattern, 13-15, 30, 134-136, 200, 251, 332,
            338, 385, 388, 464, 505, 509-513, 
            530
PD, see projective determinacy
Peano, Giuseppe, 435, 438, 487, 538
Peano Arithmetic (PA), 92, 93-118, 
            120-125, 129-130, 136-137, 
            212-213, 219, 223, 252, 294, 
            338-339, 345, 366, 379, 396,
            438-439, 442-445, 447, 459-460,
            507, 514-516, 538
Penrose, Roger, xvi, 430, 450-451,
            470-472, 532, 533n, 542
      new argument, 451n
perception, see truth, mathematical,
      perception of
perfect number, 3
physical theory, 200, 383-386, 389-392
physics, 181, 200, 309, 375, 383, 389,
            391, 404, 429-430, 450, 453, 
            460-7, 465, 521, 529, 532n
      non-computable, 429-430, 450, 472,
            542
pigeonhole principle, 334-338, 346, 353, 
            372-373, 374, 376, 378, 512, 542
      formulated as rule, 336, 512-513n
      weak, 512
planet, 390, 395, 412, 429, 527-528
Plato, 413, 532, 535
platonic existence/reality, 331, 413-414,
            442, 457, 461, 478, 490, 522, 532, 
            533
platonism, 413-414, 436-437, 457-459,
            464, 475-476, 483, 497, 528, 533,
            535
Poincaré, Henri, 458-459, 539
point, 272
polynomial equation, 428
polynomial time (polytime), 508-511, 
            541-542
Popper, Karl, 505
positivism, see logical positivism
possibility, 159, 236, 251, 279, 325
      abstract, 322, 332, 335, 338

Post, Emil, 427
Powerset, 167, 169, 171, 177, 219-220,
            239, 318, 403, 473-475, 538, 540
      of ℕ, 144-146, 149-160, 163-167,
            173, 177, 223-224, 228-230, 230,
            235, 244-246, 252, 301, 387, 400,
            463, 475-476, 539, 541
      of Powerset of ℕ, 165-167, 174, 230,
            301, 303, 400
      see also axiom, Powerset
PRA, see Primitive Recursive Arithmetic
Pratt, Vaughan, 510
predicate logic/calculus, 42, 44, 421-422, 
            431-432, 435, 441, 538, 540
predicative mathematics, 452, 541
predicativism, 459, 461, 471, 539
prediction, 22, 200, 313-317, 321-322, 327, 
            336-338, 367-369, 372-376, 383, 
            387-392, 400, 415-416, 436-437,
            468, 504-505, 508-509, 528-531
Predictive, 313-316, 318, 320-321, 327, 
            367-368, 372, 437, 445, 494, 
            501-506
      see also Feasibly Predictive
premise, 363
Presburger Arithmetic, 440
primality certificate, 334, 373, 510, 512
prime numbers, 4-10, 13-19, 147, 
            326-327, 535
      Fermat test for, 21-22, 415
      in arithmetic progressions, 27-29, 
            33-34, 97
      infinitude of, 4-10, 27, 97, 152, 211, 
            256, 261-267, 281, 286, 306-307,
            314-317, 321, 411-413, 439, 485,
            505, 507n, 535
      polytime test for, 326-327, 509-510,
            542
      Solovay-Strassen test for, 511
Primitive Recursive Arithmetic, 506-508,
            539
Principia Mathematica, 518, 539
Principle of Tolerance, 522
probability, 242
program, 495, 499
      proofs as ―s, 491
programming language, 491, 500
projective determinacy, 467-468, 481
projective geometry, 424n
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proof, 5-7, 14, 76, 78, 80-85, 96-105, 
            109-111, 113, 134, 137, 162-163,
            203, 205, 207-208, 211, 220, 253,
            268, 271, 273, 280, 304, 319, 336,
            341, 368, 372, 388, 400, 411-413,
            418, 420, 422, 425, 431-435, 
            437-446, 448-452, 460, 465, 
            470-472, 474, 477, 504, 506-507,
            512, 535, 538
      assistant, 432, 434
      checker, 100-102, 106, 449

      in PA, 96-106, 115-118, 438-440
      in PA/HA, 493
      in pure logic, 84-86, 89-90
      in ZF, 213, 235, 252, 475
      intuitionistic/constructive –, 485,
            490-492, 497-498

      kit, 85, 100
      object, 501-502
      of  (P  P)  (constructively),  
             276
      of Bolzano’s theorem, 455
      of Borel determinacy (Martin), 173,
            175, 463
      of consistency (general), 115, 320,

 353, 444, 488-489
      of consistency of PA within PA1, 123
      of consistency of ZF+CH (Gödel), 
            231-235, 479
      of consistency of ZF+CH (Cohen), 
            243-246, 479-480
      of correctness of Real number decider
            (Tarski), 49, 52
      of Dirichlet’s theorem, 29-34, 97-100, 
            246, 418-419, 439, 460
      of fan theorem (Brouwer), 303
      of Fermat’s little theorem, 14-19, 97, 
            313-314, 328-334, 414-415, 439
      of Gödel’s completeness theorem, 
            90-91, 222, 458n
      of Gödel’s first incompleteness 
            theorem, 100-106, 113, 441
      of Gödel’s second incompleteness
            theorem, 116-118, 444
      of inconsistency of Reinhardt cardinal, 

            204-205
      of infinitude of primes (Euclid), 8-12,
            27, 97, 152, 223, 256, 260-266, 
            286, 316-317, 412, 439
      of quadratic reciprocity, 511n

      of Riemann hypothesis (supposed),
            203, 379
      of uncountability of P(N) (Cantor),
            149-152, 158, 224, 456-457, 475
      of unsolvability of halting problem, 
            63-68
      seeker, 102-110, 116, 450
      system, 96, 100, 104, 106-107, 
            111-114, 130, 162, 213, 432, 439,
            448-451, 470-472, 490, 506
            see also formal system
      tree, 80-83, 93, 96-105, 110, 117, 123, 
            162, 213, 224, 317-318, 366, 432
proper forcing axiom, 249
property, 95, 124, 155, 157, 186-189, 197, 
            204, 217-218, 246, 277, 301-303,
            316, 342-343, 348-349, 455, 
            497-499, 515-517, 519, 526, 535
      arbitrary ― of sets, 188-189
      ceilingless, 187-188
propositional logic, 423
provable
      in Peano Arithmetic, 100, 103, 105,
            112-113
      in pure logic, 90-91
psychology, 280, 300, 369, 373
Ptolemy, Claudius, 535
Pudlák, Pavel, 472n, 509n, 542
pure logic, 84-86, 89-91, 339, 363, 372,
            403, 432-433, 442
      as basis for mathematics, 341-352,
            513-520
      see also logic, nature of
Putnam, Hilary, 429, 476, 483, 528
PV, 508-509, 513n

ℚ, 456
Q.E.D., 11, 12, 241
quadratic reciprocity, 336, 510-512, 537
quadratic residue, 510-511
quantum 
      field theory, 461
      gravity, 450
      mechanics, x, xiii
Quine, W.V.O., 381-397, 399, 402, 404,
            520-521, 527-531, 541

ℝ, 456, 478, 482
radio waves, 394
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Ramanujan, Srinivasa, 19
Ramsey, Frank, 351, 519
rational numbers, 417, 456, 537
rationalism, 530-532
Real line, 23-26, 155, 159-160, 173, 223,
            458, 478
Real numbers, 23-26, 98-100, 153-155,
            176, 267-268, 284, 286, 294, 
            299-300, 384, 387, 415n, 416-419,
            458, 474, 514, 536-538
      computable, 287
      decider for, see Decider, Real number
      definable, 458, 539
      glyph language for, see glyph
            language, Real number
      multiplication for, 269-270
      operations on, 287-288, 294, 300,
            303, 387, 496
realism, 414n, 436
reality, mathematical, 169, 192-193, 229,
            250, 259, 276, 298, 308, 330-332,
            374-375, 394, 405, 413-414, 442,
            457, 459, 462, 464-465, 533
      see also platonic existence/reality,
            truth
realizability, 499-500
realizer, 499-500
reason, limits of, 175, 462, 470
reflection, 447-448, 451
reflection principle, 176, 179-180, 183-
            184, 186, 188, 190, 465-466, 541
register, 58, 61-62, 65-68
      machine, 425
regularities, 384-385
Reinhardt cardinal, see cardinal,
      Reinhardt
relativity theory, x
      general, 391, 430, 525-526, 537
remainder, 13-15, 18-19, 21
replacement axiom, see axiom,
      replacement
resolvable, 105, 117-118
Riemann, Bernhard, 32, 35, 455, 537
      hypothesis, 35, 203, 379, 395, 419,
            420n, 537-538
Robertson, Neil, 461
Robinson, Abraham, 435n
Robinson, Julia, 429
Rosser, Barkley, 112, 439, 441
RSA cryptosystem, 415-416

rule 
      for defining a set, 155-156
      of logic/thought, 74-86, 96, 213, 
            221-222, 259-260, 278, 281, 
            283-285, 353, 363-364, 402, 
            431-434, 438, 440, 487, 513, 515,
            535, 537-538
Russell, Bertrand, ix, xi, xv, 340-354,
            378, 402-404, 462, 476, 487, 
            513-521, 523, 539
      –-’s paradox, 347-349, 457, 516-517
            propositional, 517n
Russian constructivism, 284, 494-496,
            500

Σ1n-sets, 467
Sanders, Sam, 461
SAT (satisfiability) solver, 424
Saxena, Nitin, 509, 542
Schlick, Moritz, 522
Schütte, Kurt, 452, 541
science, 211, 366, 374-375, 381, 383-392,
            394, 396, 460-461, 465, 505,
            521-522, 527-529, 532, 534
      mathematics needed for, 387, 461, 
            529
Scott, Dana, xvi, 481, 541
secure step, 133-140, 161, 220, 452
Selberg, Atle, 419
SELF-APP machine, 68, 107-108, 110
self-reference, 441, 448
Serpent sentence, 109-118, 191, 224, 330, 
            441, 466
set, 145-167, 169-204, 213-251, 301,
            453-469, 473-483
      concept of, 145, 156-160, 178-180, 
            213-214, 229, 250, 342-343, 
            464-465, 520, 538
      constructible, see constructible set
      definable, 155-158, 233, 234, 237,
            239, 458
      ‘existence’ of ―s, ix, 156-160, 318,
            331, 350, 383-387, 393, 457-458,
            461-462, 477-478, 519, 534
      infinite, x, 146-149, 162-167, 
            169-204, 311,
            318, 400, 436, 453-469
      Large, 194-197, 201
      ― of axioms, see under computably
            generated



562 CASTLES IN THE AIR

      ― of Whole numbers, 145, 147, 
            149-152, 155-160, 208, 229, 350,
            483
            see also subset of ℕ
      ― of sets of Whole numbers, 
            165-167, 230, 343, 483
            see also subset of P(ℕ)       
      Small, 194-197, 201
      see also ℕ, P(ℕ), P(P(ℕ)), ℚ, ℝ
set theory, 212-251, 305, 317-319, 366, 
            457-461, 462-469, 473-483, 488,
            509, 517, 520, 537-542
      in sheep’s clothing, 520
      see also Zermelo-Fraenkel set theory
Seymour, Paul, 461
Shakespeare, William, 254
Shapiro, Stewart, 533n
Shelah, Saharon, 467
Shoenfield, Joseph, 496
signed binary, 270
signed decimal, 270
size, 147, 195-196, 227, 244-246, 478
Skolem, Thoralf,  226-229, 234, 236, 244,
            285, 404, 475-476, 485, 503, 506,
            539 
      paradox, 226-227, 476, 517, 520
Smith, Warren, 429
SMT solver, 424
social constructivism, 533
software, 427
solipsism, 255, 486, 498-499
Solovay, Robert, 467, 481
Solovay-Strassen primality test, 511
solvability of all mathematical problems,
            472, 484
space, physical, 391, 523-526, 537
      as curved, 525-526
spectacles, 42-51, 75, 83-84, 87-88, 286,
            500
      see also double negation spectacles
square, 3, 287, 336, 417, 454, 510, 536
square root
      of two, 24, 417
      of negative number, 25, 404n, 
            417-418, 536 
stages 
      in ordinal staircase, 132-140, 168,
            452n
      of set formation, 220, 233, 473-474,
            479

stateable, 106, 330, 441, 448, 509
statement, 44-52, 348, 363-368, 420
Steel, John, 467
Stevin, Simon, 417
stratification of mathematics, 399-404,
            446, 453, 534
structure, 322
      finite/infinite, 311-312
Sturm’s algorithm, 423
subset, 145, 177, 191, 194-199, 201, 
            217-218, 318 
      of ℕ, 145-146, 152-163, 244-246, 350
      of P(ℕ), 165-167
      of Real line, 173
substitution, 95-96, 213, 448
successor ordinal, 449
Supercompact cardinal, see cardinal,
      Supercompact
super-Turing computation, 429-430
Suslin hypothesis, 248
syllogism, 431, 535-536
symbol, x, xii-xiv, 36-38, 41-46, 57, 59,
            83-84, 86-89, 122-123, 130, 156,
            162, 273-280, 310, 312-314, 
            317-318, 320, 325, 328, 361, 
            420-423, 433-437, 440, 487-488,
            495
      -pushing, 83, 273, 310, 314, 325, 366, 
            434-435
synthetic statement, 527

T, T1, etc. (truth predicates), 121-127,
            129, 162, 447-448
Tait, William, 507n
tally sequence, 312-314
Tarski, Alfred, 42-52, 73, 83-84, 89, 212,
            223, 404, 422-424, 428, 448, 458,
            540
Temple of Thought, 73-92, 94, 221, 223,
            283
term, 37
Thales of Miletus, 412, 535
theorem, 19, 27, 35, 75-83, 412, 430
Things, 342-349, 403
thoughts, thinkable, 514-515
Thought-World, 256-259, 262, 266, 268, 
            271-280, 287, 293-294, 297, 401
tile language, 36-40, 86, 428
time, idealized, 496-497
topology, 428, 460
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tortoise, 137-139, 144, 161, 174, 178,
            182-183, 210, 322, 354-359, 372,
            378, 402-403, 452n
      super-, 174, 178, 182-183, 464
translator, 50-52
triangle, 391, 525
triangular number, 3
Troelstra, Anne, 497
truth, 322, 363, 366-368, 492, 498, 522,
            534
      -assuring, 517n
      for glyph statements, 121-122, 125,
            127, 130, 132, 135, 139-140
      mathematical, 221, 482, 541
            knowable, 175, 207, 442-443,
                  447, 470-472
            nature of, x, 442
            perception of, x, 211, 279, 331,
                  338, 368-369, 373-377, 394,
                  451, 462, 464, 470-472, 
                  520-521, 530-533
            question of absoluteness 
                  /objectivity, 236, 249-254,
                  275, 330, 364, 413, 476, 484,
                  483-484, 515, 532n, 534
      predicate, 447-448
      -value, 252, 483, 534n, 542
truthfulness, 105-114, 439
Tseitin, Grigori, 496
tube machine, 55-69, 70-71, 96, 155, 210, 
            285, 287, 292, 294, 299, 447, 495,
            499-500
Turing, Alan, xv, 53, 59-70, 107-110, 
            223, 285, 348, 404, 425-430, 433,
            439, 452, 540
      computability, 440, 542
      machine, 425-428
      route to incompleteness theorems,
            441, 444
      (see also Church-Turing thesis)
twin primes conjecture, 252-253
type theory, 491-492, 502n
types, 518

ultimate algorithm/engine, 40, 50,
            419-420, 427-428
Ultimate L, 482, 542
ultimate theorem/medallion, 35, 39, 419
ultrafinitism, 323, 493n, 507-508, 513

unanswerable question, 72, 104, 202-203, 
            249, 252-253, 279, 480-481
uncountable, 152-158, 166, 223-228, 463, 
            475, 495
undecidable problem, 427-428, 441, 540
understanding, 530
      of sets, 464-466, 470
      of Whole numbers, 124, 448, 452,
            464, 470, 483, 531
union of sets, 169, 171, 196, 215-217,
            463
universal engine/machine, 60-64, 223,
            285, 427, 540
      kit, 53, 56, 60, 85
universal proof kit, 85, 100
universe (mathematical), 170-193, 200, 
            204-205, 207-208, 220, 292, 462,
            465, 468, 473-476, 480n, 481
      artificial/model, 222-250, 285-286,
            294, 468, 475-476, 479, 480n,
            494-495, 499-500
      multitude of ―s, 247-249, 296, 298,
            305
      pseudo-, 179-180
      real/true, 179-180, 187-189, 193, 
            228-229, 231, 234, 236, 250, 465,
            475-476, 480n
      see also constructible universe
unknowably sound system, 450-451, 
            470-471
unprovable statement, 110, 509
unresolvable statement, 104-118, 201,
            230-231, 278, 441, 443, 481, 484
unsolved problems, 31, 35, 203, 252-253, 
            412, 419, 443, 537

V, 481-482
variable, 37, 313
Veblen hierarchy, 452
verificationism, 492, 501-502
Vesley, Richard, 541
vicious circle, 458, 539
Vienna circle, 521, 527
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